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Abstract
We present the results of a calculation of differential cross sections and po-
larization observables for proton-deuteron elastic scattering, for proton labo-
ratory energies from 2.5 to 22.5 MeV. The Paris potential parametrisation of
the nuclear force is used. As solution method for the charged-composite par-
ticle equations the ’screening and renormalisation approach’ is adopted which
allows to correctly take into account the Coulomb repulsion between the two
protons. Comparison is made with the precise experimental data of Sagara et
al. [Phys. Rev. C 50, 576 (1994)] and of Sperison et al. [Nucl. Phys. A422,
81 (1984)].
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I. INTRODUCTION
Calculation of proton-deuteron (pd) scattering represents one of the most challenging
remaining tasks in few-body nuclear physics. The interest arises from two sources. First,
the richness and precision of the available experimental data on many observables which
to compare with, is certain to lead to more stringent tests of nuclear potential models
than neutron-deuteron (nd) scattering with its much smaller and much less precise data
base. Secondly, the necessity to include the Coulomb interaction in a way that is both
mathematically correct and practical has been, and still is, one of the outstanding theoretical
tasks.
Of the several approaches that have been proposed to take into account Coulomb inter-
actions in charged-composite particle reactions, only two have reached the status to permit
concrete numerical calculations. The most obvious one, namely to work with the Schro¨dinger
(see Refs. [1–4] and references therein) or equivalently differential Faddeev-Merkuriev equa-
tions [5–7] in coordinate space, requires knowledge of the complete boundary conditions, in
order to guarantee uniqueness of the solution. Below the three-body threshold when only
two-cluster channels are open, this presents no difficulty. However, above that threshold the
complete boundary condition to be imposed in the region where all three particles even-
tually become asymptotically free [8–11] has, to our knowledge, not yet been implemented
satisfactorily in any solution scheme.
Based on momentum-space three-body Faddeev [12] or Alt-Graßberger-Sandhas (AGS)
[13] equations, mathematically well defined integral equations for charged-composite particle
reactions have been derived for two cases. If one of the three particles is uncharged and the
others have charges of equal sign, the AGS equations for the three-body transition operators
have been proven by Alt, Sandhas, and Ziegelmann [14] to possess compact kernels for all
energies in a special class of functions (see also [6]). That is, these equations are amenable to
stardard solution methods, thereby yielding the physical amplitudes for all reactions which
are possible in such a system, at all energies. If, however, all three particles are charged (with
charges of equal sign) only somewhat limited information is available as yet. Indeed, if the
three-body energy is negative, i.e. below the three-body threshold, the Faddeev equations
have been reformulated in such a way that the kernels of the new equations possess compact
kernels [15,16]. For positive energies compactness could be proven only for the kernels of
certain integral equations for effective-two-body transition amplitudes, i.e., for amplitudes
which describe all possible binary (i.e., (in-)elastic and rearrangement collisions, or quite
generally so-called 2 → 2) reactions [17,18] (this proof holds a fortiori if only two particles
are charged and one is neutral). The formulation of analogously modified integral equations
with compact kernels for breakup (2→ 3) or even 3→ 3 processes is still lacking.
A practical solution method for the aforementioned equations for effective-two-body tran-
sition amplitudes has been developed in [14,19,20] (see also the review [21]). Starting from
screened, and thus short-ranged, Coulomb potentials, the usual short-range equations are
solved by standard methods. The physical amplitudes corresponding to unscreened Coulomb
potentials are then recovered by numerically performing a limiting procedure in suitably
renormalised quantities. Details can be found in [21,22]. This approach has been applied
with great success to the calculation of differential cross sections for pd elastic scattering
[22,23] (see also [21] and references therein) and to five-fold differential cross sections for
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pd breakup [24–26] in various kinematic configurations, with due account of the Coulomb
interaction (but employing simple models of the nuclear interaction only).
Recently we have communicated the first successful calculation of proton-deuteron scat-
tering observables for the Paris potential using this same approach [27,28]. Here, results for
many more energies will be presented and compared with experimental data.
The plan of the paper is as follows. In Sect. II we give a brief recapitulation of the most
important aspects of the screening and renormalisation method. Section III then contains
results for differential cross sections and various polarisation observables. The final section
contains our conclusions. In the Appendix the explicit expressions for the partial-wave
decomposed effective potentials are collected.
As usual we choose units such that ~ = c = 1.
II. FORMALISM
For the convenience of the reader we briefly recapitulate the basic equations [14,21].
1. Notation
Consider three distinguishable particles with masses mν , ν = 1, 2, 3. Moreover, two of
them, say particles 1 and 2, are supposed to be charged, with charges e1 and e2, satisfying
e1e2 > 0. We use the standard notation: on a one-body quantity an index α characterizes the
particle α, on a two-body quantity the pair of particles (β + γ), with β, γ 6= α, and finally
on a three-body quantity the two-fragment partition α + (βγ) describing free particles α
and the bound state (βγ). Throughout we work in the total center-of-mass system. Jacobi
coordinates are introduced as follows: kα is the relative momentum between particles β
and γ, and µα = mβmγ/(mβ +mγ) their reduced mass; qα denotes the relative momentum
between particle α and the center of mass of the pair (βγ), the corresponding reduced mass
being defined as Mα = mα(mβ +mγ)/(mα +mβ +mγ).
The Hamiltonian of the three-body system is
H = H0 + V = H0 +
3∑
ν=1
Vν , (1)
with
H0 = K
2
α/2µα +Q
2
α/2Mα (2)
being the free three-body Hamiltonian. Kα and Qα are the momentum operators with
eigenvalues kα and qα, respectively.
The two-body interaction in subsystem α has the general form
V (R)α = V
S
α + δα3V
R
3 , (3)
where V Sα is the ‘short-range’ (i.e., nuclear) part and
V R3 (r) =
e1e2
r
e−r/R (4)
3
the Coulomb potential which for practical reasons we assume to be exponentially screened,
with screening radius R. The corresponding T-operator is given as solution of the usual
Lippmann-Schwinger equation with the full interaction V
(R)
α ,
Tˆ (R)α (zα) = V
(R)
α + V
(R)
α Gˆ0(zα)Tˆ
(R)
α (zα). (5)
For clarity, energy-dependent two-body operators, when read in the two-particle space, are
characterized by a hat. Moreover, zα denotes the energy in subsystem α. The fact that the
potential is a sum of two terms, cf. Eq. (3), carries over to the transition operator (5):
Tˆ (R)α (zα) = δα3Tˆ
R
3 (zα) + Tˆ
SR
α (zα). (6)
Here, TˆR3 (zα) the pure screened Coulomb transition operator for the pair of protons 1 and
2. The so-called Coulomb-modified short-range transition operator Tˆ SRα (zα) is given as
Tˆ SRα (zα) = [1 + δα3Tˆ
R
3 (zα)Gˆ0(zα)]tˆ
SR
α (zα)[1 + δα3Gˆ0(z3)Tˆ
R
3 (z3)], (7)
tˆSRα (zα) = V
S
α + V
S
α Gˆ
(R)
α (zα)V
S
α . (8)
For the particle pair (β + γ), the free two-body resolvent is denoted by Gˆ0(zα) = (zα −
K2α/2µα)
−1 and the full resolvent by
Gˆ(R)α (zα) = (zα −K2α/2µα − V (R)α )−1 = (zα −K2α/2µα − V Sα − δα3V R3 )−1. (9)
We point out that if there exists a bound state of energy Bα < 0 in subsystem α, the
corresponding T-operator Tˆ
(R)
α (zα), and hence also Tˆ
SR
α (zα), must have a pole of the form
Tˆ (R)α (zα)
zα→Bα≈ Tˆ SRα (zα)
zα→Bα≈ V
(R)
α |ψα〉〈ψα|V (R)α
zα − Bα , (10)
where |ψα〉 is the appropriate bound state wave function. Generalisation to several bound
states is obvious.
2. Equations for the three-body arrangement operators
The AGS three-body transition operator U
(R)
αβ (z) which leads from a partition α+ (β, γ)
of the three particles to a partition β + (α, γ) is defined as solution of
U
(R)
αβ (z) = δ¯αβG
−1
0 (z) +
3∑
ν=1
δ¯ανT
(R)
ν (z)G0(z)U
(R)
νβ (z) (11a)
= δ¯αβG
−1
0 (z) +
3∑
ν=1
U (R)αν (z)G0(z)T
(R)
ν (z)δ¯νβ . (11b)
Here, δ¯αβ = 1 − δαβ is the anti-Kronecker symbol and G0(z) = (z −H0)−1 the resolvent of
the three-free particle Hamiltonian H0.
The splitting (6) of the subsystem amplitudes induces a corresponding splitting of the
three-body operators U
(R)
αβ (z). Define new operators U
R
αβ(z) as solutions of the same AGS
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equations (11) but with only the Coulomb part of the subsystem amplitudes in the kernels,
URαβ(z) = δ¯αβG
−1
0 (z) +
3∑
ν=1
δ¯ανT
R
ν (z)G0(z)U
R
νβ(z) (12a)
= δ¯αβG
−1
0 (z) +
3∑
ν=1
URαν(z)G0(z)T
R
ν (z)δ¯νβ . (12b)
Then U
(R)
αβ (z) and U
R
αβ(z) are related via
U
(R)
αβ (z) = U
R
αβ(z) +
3∑
ν=1
URαν(z)G0(z)T
SR
ν (z)G0(z)U
(R)
νβ (z) (13a)
= URαβ(z) +
3∑
ν=1
U (R)αν (z)G0(z)T
SR
ν (z)G0(z)U
R
νβ(z). (13b)
An important practical simplification arises if only two particles are charged as it happens
in the present case. For, Eqs. (12) can be solved explicitly to yield
URαβ(z) = δ¯αβG
−1
0 (z) + δ¯3αδ¯β3T
R
3 (z). (14)
As a consequence, Eqs. (13) with (14) are exact.
3. Physical transition amplitudes
Let the initial channel state |ψα〉|qα〉 be given as the product of the bound state wave
function |ψα〉 (belonging to the binding energy Bα) of the pair (β, γ), and the plane wave
|qα〉 describing the free motion of particle α relative to the center of mass of this pair.
Analogously for the outgoing channel state. Then the plane-wave matrix element
T (R)α,β (qα,q′β;E + i0) = 〈qα|〈ψα|U (R)αβ (E + i0)|ψβ〉|q′β 〉 (15)
is the physical transition amplitude for screened Coulomb potentials, provided the incoming
and the outgoing energy are related to the energy parameter E via the energy-shell relation
E = Eα = q
2
α/2Mα +Bα = Eβ = q
′ 2
β /2Mβ +Bβ . (16)
In order to extract the desired amplitude pertaining to unscreened Coulomb potentials
the on-shell amplitude T (R)α,β (qα,q′β;E + i0) has to be multiplied by appropriate renormali-
sation factors Z−1/2α,R (qα) and Z−1/2β,R (q′β) which are uniquely determined by the special choice
of screening function, and the limit R→∞ has to be performed:
Tα,β(qα,q′β;E + i0) = lim
R→∞
Z−1/2α,R (qα)T (R)α,β (qα,q′β;E + i0)Z−1/2β,R (q′β). (17)
Details of this procedure are described below.
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4. Special case: separable nuclear interactions
As mentioned in the Introduction, in principle the coupled equations (11), with R set
equal to infinity, for the three-body operators Uαβ(z) could be solved as they stand. But
the presence of the highly singular Coulomb T-matrix in the kernel is certain to present
formidable numerical difficulties. We, therefore, have adopted another solution strategy.
Namely, we use separable approximations of the original (local or nonlocal) nucleon-nucleon
potentials. That is, we assume V Sα to be represented as a sum of separable terms,
V Sα =
Nα∑
m,n=1
|ϕαm〉λα,mn〈ϕαn|. (18)
Here, the index m of the (nuclear) form factor |ϕαm〉 not only characterizes the complete
set of quantum numbers which uniquely characterizes a given state of the particle pair α
but also enumerates the number of terms per fixed set of quantum numbers, i.e. the rank.
It will be specified later. Note that this assumption does not represent a loss of generality
as any given short-range potential can be approximated in a form like (18), to any desired
degree of accuracy.
Let us introduce the Coulomb-modified form factor
|gαm〉 = [1 + δα3TˆR3 (z3)Gˆ0(z3)]|ϕαm〉 (19)
which differs from the nuclear form factor only for the pp subsystem characterized by α = 3.
Although |g3m〉 will, therefore, depend on the screening radius R this dependence will,
however, not be indicated explicitly. Then
Tˆ SRα (zα) =
Nα∑
m,n=1
|gαm〉∆ˆ(R)α,mn(zα)〈gαm|, (20)
with the elements of the matrix ∆ˆ
(R)
α (zα) being solutions of
∆ˆ(R)α,mn(zα) = λα,mn +
Nα∑
µ,ν=1
λα,mµ〈ϕαµ|Gˆ0(zα)|gαν〉∆ˆ(R)α,νn(zα). (21)
In channels where a bound state exists (in our case the deuteron for which α 6= 3) it
must be ascertained that the corresponding subsystem T-matrix Tˆ
(R)
α , or equivalently the
appropriate element of the matrix ∆ˆ
(R)
α , shows the pole behavior (10). This is guaranteed
if the form factor which represents the bound state and is called, say, |ϕα1〉 ≡ |gα1〉 since
α 6= 3, satisfies
Gˆ0(Bα)|gα1〉 = Gˆ0(Bα)|ϕα1〉 = |ψα〉, α 6= 3. (22)
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5. Off-shell equations for transition amplitudes
Consider the quantities
T (R)αm,βn(z) : = 〈gαm|G0(z)U (R)αβ (z)G0(z)|gβn〉. (23)
They are effective-two-body transition operators which act only in the space spanned by the
momentum eigenstates |qα〉 between the two fragments and describe all binary (so-called
2→ 2) collisions. The matrix elements 〈qα|T (R)αm,βn(E + i0)|q′β〉 in which the form factors in
the initial and final state correspond to bound states and hence satisfy a condition of the
type (22), coincide on the energy shell (16) with the physical amplitudes (15).
It is now an easy task to derive equations for T (R)αm,βn(z). Sandwiching Eqs. (11) between
〈gαm| and |gβn〉 yields the coupled, multichannel, Lippmann-Schwinger-type equations
T (R)αm,βn(z) = V(R)αm,βn(z) +
3∑
γ,δ=1
Nγ∑
i,j=1
V(R)αm,γi(z)G(R)0;γi,δj(z)T (R)δj,βn(z) (24a)
= V(R)αm,βn(z) +
3∑
γ,δ=1
Nγ∑
i,j=1
T (R)αm,γi(z)G(R)0;γi,δj(z)V(R)δj,βn(z). (24b)
The effective arrangement potentials V(R)αm,βn(z) are defined as
V(R)αm,βn(z) : = 〈gαm|G0(z)URαβ(z)G0(z)|gβn〉
= δ¯αβ〈gαm | G0(z) | gβn〉+ δαβ δ¯α3〈ϕαm | G0(z)TR3 (z)G0(z) | ϕαn〉
+δ¯αβ δ¯α3δ¯β3〈ϕαm | G0(z)TR3 (z)G0(z) | ϕβn〉 (25)
= :
4∑
i=0
V(R)(i)αm,βn. (26)
They are depicted in Fig. 1. Note that on account of the definition (19) the first term in Eq.
(25), and hence also in Fig. 1, comprises actually three different contributions, enumerated
by i = 0, 1, 2, depending on whether both form factors are purely nuclear or either one of
them is Coulomb-modified.
The plane wave matrix elements of the effective propagators G(R)0;αn,βn(z) are given as
G(R)0;αn,βn(qα,q′β; z) = δαβδ(qα − q′α)∆ˆ(R)α,nm(z − q2α/2Mα). (27)
6. Angular momentum decomposition
For various reasons we found it more convenient not to work with the isospin formalism.
Hence we use the following angular momentum coupling for a given channel α: sβ+sγ = Sα,
Lα + Sα = Jα, sα + Jα = Σα, lα +Σα = J. Here, sν denotes the spin of particle ν, Lα the
relative orbital angular momentum, Sα the total spin, and Jα the total angular momentum
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of particles β and γ; moreover, lα denotes the relative orbital angular momentum of particle
α and the pair (βγ), and finally J the total angular momentum of the three-body system.
In order to simplify the notation, in the following explicit subsystem indices on partial-
wave projected genuine two-body quantities and channel indices on effective two-body quan-
tities are omitted.
Let the partial wave expansion of the short range interaction (18) between particles β
and γ be given as
V Sα (p,p
′) = 4π
∑
Jα,MJα ,Sα
|Jα+Sα|∑
Lα,L′α=|Jα−Sα|
YJαMJαLαSα (pˆ)V S,JαSαLαL′α (p, p
′)[YJαMJαL′αSα (pˆ
′)]†, (28)
with
V S,JαSαLαL′α (p, p
′) =
NJαSα∑
να,ν′α=1
ϕJαSαLανα(p)λ
JαSα
LαναL′αν
′
α
ϕJαSαL′αν′α(p
′). (29)
Here, YJαMJαLαSα (pˆ) =
∑
MLαMSα
C
JαMJα
LαMLαSαMSα
YLαMLα (pˆ)χSαMSα , N
JαSα is the rank of the sep-
arable expansion in the two-body channel α with fixed Jα and Sα, ϕ
JαSα
Lανα
(p) are the cor-
responding form factors which are chosen real, and λJαSαLαναL′αν′α = λ
JαSα
L′αν
′
αLανα
are the (real)
potential strengths. The Coulomb-modified form factors are
gJαSαLανα(p) =
[
ϕJαSαLανα(p) + δα3
1
2π2
∫ ∞
0
dp′p′2TˆR3L3(p, p
′; z3)ϕ
J3S3
L3να
(p′)
z3 − p′2/2µ3
]
, (30)
where TˆR3L3 is the screened partial wave Coulomb T-matrix. With these definitions the plane
wave matrix elements of the Coulomb-modified short-range T-operator take the form
〈p|Tˆ SRα (zα)|p′〉 = 4π
∑
Jα,MJα ,Sα,Lα,L
′
α
YJαMJαLαSα (pˆ)[Y
JαMJα
L′αSα
(pˆ′)]†
×
NJαSα∑
να,ν′α=1
gJαSαLανα(p)∆ˆ
(R)JαSα
LαναL′αν
′
α
(zα)g
JαSα
L′αν
′
α
(p′). (31)
The matrix elements ∆ˆ
(R)JαSα
LαναL′αν
′
α
(zα) are obtained as solutions of
∆ˆ
(R)JαSα
LαναL′αν
′
α
(zα) = λ
JαSα
LαναL′αν
′
α
+
∑
L′′α
NJαSα∑
κα,κ′α=1
λJαSαLαναL′′ακα〈ϕ
JαSα
L′′ακα
|Gˆ0(zα)|gJαSαL′′ακ′α〉∆ˆ
(R)JαSα
L′′ακ
′
αL
′
αν
′
α
(zα). (32)
After partial-wave decomposition the effective potentials with given J and parity π for
a transition α(βγ)→ β(γα) can likewise be written as a sum of five terms:
V(R)Jpimαµα,nβνβ(qα, q′β; z) =
4∑
i=0
V(R)Jpi(i)mαµα,nβνβ(qα, q′β; z), (33)
where
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V(R)Jpi(i)mαµα,nβνβ(qα, q′β; z) =
∑
κ
A(i)κ (qα, q
′
β)R
(i)κ
mαµα,nβνβ
(qα, q
′
β; z), (34)
µα = 1, · · ·NJαSα, νβ = 1, · · ·NJβSβ . The multi-indices mα and nβ are defined asmα=(lα, sα,
Σα, Jα, Lα, Sα, sβ, sγ), and nβ=(lβ, sβ, Σβ, Jβ, Lβ, Sβ, sγ, sα). Finally, for the contributions
with i = 0, 1, and 2, κ ≡ L is a single index while for i = 3 and 4 it is a multi-index
κ ≡ (L1L2f). The explicit expressions for the functions A(i)κ (qα, q′β) and R(i)κmαµα,nβνβ(qα, q′β; z)
can be found in the Appendix.
Thus, we have to solve the following coupled set of integral equations (E+ := E + i0)
T (R)Jpimαµα,nβνβ(qα, q′β ;E+) = V(R)J
pi
mαµα,nβνβ
(qα, q
′
β;E+) +
∑
γ
∑
tγ ,t′γ
∑
τγ ,τ ′γ
∫ ∞
0
dq′′γq
′′2
γ
2π2
V(R)Jpimαµα,tγτγ (qα, q′′γ ;E+)
×∆ˆ(R)JγSγLγτγL′γτ ′γ (E+ − q
′′2
γ /2Mγ)T (R)J
pi
t′γτ
′
γ ,nβνβ
(q′′γ , q
′
β;E+). (35)
The meaning of the various indices has been described above.
In general, the physical T-matrix element T
(R)Jpi
linΣin, loutΣout
(qα, q
′
β;E+) which describes the
transition from channel α, where the particle pair (β, γ) is a deuteron state with Jin = 1
which is not explicitly indicated, the relative orbital momentum of between particle α and
deuteron is lin and the total channel spin is Σin, to channel β where the particle pair (α, γ)
is in a deuteron state (Jout = 1) and the channel orbital angular momentum and spin are
lout and Σout, respectively, can be calculated from the solutions of Eq. (35) as
T
(R)Jpi
linΣin, loutΣout
(qα, q
′
β;E+) =
∑
mαµαnβνβ
δJα1δJβ1δlαlinδΣαΣinδlβ loutδΣβΣoutT (R)J
pi
mαµα,nβνβ
(qα, q
′
β;E+). (36)
Switching off the short-range interactions will reduce the coupled equations (35) to those
pertaining to the partial-wave decomposed screened center-of-mass Coulomb scattering am-
plitude
T
R,Jpi
linΣin, loutΣout
(qα, q
′
β;E+) = δαβδlinloutδΣinΣoutδ(qα − q′β)
π
iMαqα
(
e
2iσR
lin
(qα) − 1
)
, (37)
where σRl (q) are the screened Coulomb phase shifts. From these two amplitudes the
Coulomb-modified short-range T-matrix follows directly as
T
(SR)Jpi
linΣin, loutΣout
(qα, q
′
β;E+) = T
(R)Jpi
linΣin, loutΣout
(qα, q
′
β;E+)−TR,J
pi
linΣin, loutΣout
(qα, q
′
β;E+). (38)
The unscreening procedure is now performed in the amplitude (38). We multiply
T
(SR)Jpi
linΣin, loutΣout
(qα, q
′
β;E+) by the renormalisation factors Z−1/2α,R (qα) and Z−1/2β,R (q′β) and re-
peat the calculation with increasing value of the screening radius R until the result has
become independent of it. In this way we end up with the unscreened Coulomb-modified
short-range amplitude
T
(SC)Jpi
linΣin, loutΣout
(qα, q
′
β;E+) = lim
R→∞
Z−1/2α,R (qα)T(SR)J
pi
linΣin, loutΣout
(qα, q
′
β;E+)Z−1/2β,R (q′β). (39)
Finally, summing up the partial wave series and adding to the result the analytically known
(unscreened) center-of-mass Coulomb scattering amplitude yields the final reaction ampli-
tudes from which the various observables can be calculated.
We emphasize once more that solution of Eq. (35) yields, after execution of the unscreen-
ing procedure as described above, charged-composite particle transition amplitudes which
are exact for a nuclear potential of the form (18).
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III. RESULTS
As mentioned in the Introduction, the first theoretically satisfactory calculations of pd
elastic scattering above the breakup threshold [23,22] and of pd breakup [24–26] employed
rather simple ansaetze for the nuclear interaction. In spite of this limitation at least semi-
quantitative agreement with experimental differential cross sections for elastic scattering and
for five-fold differential cross sections for deuteron breakup in various kinematic situations
could be achieved. However, for a more detailed comparison with experimental data, in
particular for polarisation observables, more sophisticated nuclear potential models must be
used. For this reason we have performed calculations with the realistic Paris potential. First
results have been published recently [27,28]. Here, we present some extended calculations
of differential cross sections and various polarisation observables for elastic pd scattering.
We used the Paris potential in the PEST1 form [29]. S and P waves were included in
the pp and the np spin singlet channels, and the coupled S-D waves in the np spin triplet
channel. This leads to maximally 29 coupled integral equations to be solved. The number
of total angular momenta in the pd system was chosen so high that stable results for all
observables were obtained. It was found that J = 17/2 suffices for the lower energies, and
J = 19/2 for the two highest energies, for the level of accuracy aspired to.
In order to perform the unscreening of the resulting amplitudes numerically, repeated
solution of the integral equations (35) with and without the nuclear interaction is required,
with the screening radius R increased until the r. h. side of Eq. (39) becomes independent
of it. We found that R = 625 fm was enough for all purposes.
When calculating the effective potentials (34) and effective free Green functions (32)
we have made only one approximation. Namely, as indicated in the explicit expressions
given in the Appendix, we have used the Born approximation for the pp Coulomb T-matrix.
As has been shown in [30], when the range of the form factors is of typical nuclear size,
this approximation is accurate to a few percent for all energies and scattering angles (in
contrast to the atomic case where it typically fails by several orders of magnitude). And
since the Coulomb interaction modifies the purely nuclear pd phase parameters by at most
10 percent, the error introduced by this approximation is therefore estimated to be well
below the 1 percent level.
In Fig. 2 we present differential cross sections for proton laboratory energies from 2.5 to
22.7 MeV. For comparison the corresponding results for nd scattering are included. Inspec-
tion reveals that very good agreement with the experimental data of Sagara et al. [31] and
of Sperison et al. [32] is achieved, except at the lower energies where our calculations slightly
overestimate the data. For the vector analyzing powers depicted in Fig. 3 the reproduction
of the data is much less satisfactory. In particular, at the lower energies the maximum of
the vector analyzing power is strongly underestimated. This is the so-called the Ay-puzzle
which has been with us for a long time in neutron-deuteron scattering and is also present
in the pd reaction as already noted in [1]. In spite of a variety of speculations regarding its
origin and remedy (see, e.g., [35–37] and references therein), at present no satisfactory solu-
tion to this problem is available. But it appears that the failure of the theory to reproduce
the experimental maximum disappears at higher energies, at the expense of an increasing
discrepancy in the minimum around 100 degrees. A similar situation occurs for iT11 as can
be inferred from Fig. 4. Experimental tensor polarisations T20, T21, and T22 where available
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are reasonably well reproduced by our calculations as can be seen from Figs. 5 - 7. For all
observables presented the modifications due to the Coulomb interaction are rather strong
at the lower energies but eventually become small although not negligible at the highest
energy. We mention that our results are rather close to those of Ref. [2].
In Ref. [31] it was pointed out that apparently the magnitude of the experimental dif-
ferential cross section minimum differed appreciably from theoretical results. In fact, the
relative difference ∆min := (σ
min
theor − σminexp )/σminexp was found to be rather large and positive at
low energies, to change sign around 5 MeV and to become negative large at higher energies,
reaching - 25% at 18 MeV. Explanation of such a strong, and strongly energy-dependent,
effect seemed to be very difficult. It was therefore suggested that there exists another real
discrepancy, later termed ‘Sagara discrepancy’, between experiment and theory, besides the
Ay-puzzle. This inference was, however, not very compelling as the theoretical calculations
used for comparison had actually been performed for nd scattering, with only a very rough
account of Coulomb effects. The existence of such an energy-dependent discrepancy was
later corroborated by calculations employing several ‘realistic’ nuclear potentials but again
relying on the same approximation for including Coulomb effects [33]. Thus, in both calcula-
tions it was ignored that this Coulomb correction method had already been demonstrated in
[23] to be generally unsatisfactory and, in addition, to lead to a rather strong energy depen-
dence of the failure, in particular in the cross section minimum. A further attempt [34] to
explain this effect by ∆-isobar induced three-body forces ignored Coulomb effects altogether
(but gave sizeable corrections particularly for higher energies not considered here).
In Fig. 8 we present the relative difference ∆min for the cross section minimum between
our theoretical results and the data of Ref. [31]. Inspection reveals that even with a correct
description of the Coulomb repulsion between the protons the ‘Sagara discrepancy’ survives,
albeit with greatly reduced overall magnitude as compared to the calculations with improper
account of the Coulomb interaction. In addition, the percentage excess in ∆min has become
only rather weakly dependent on energy in the range considered (from 9.3% at 5 MeV
to 6.3% at 18 MeV), in contrast to the original estimates [31]. It is interesting to note
that for all energies considered, our calculations yield a larger cross section minimum than
experiment, i.e., ∆min > 0. However, before drawing any conclusions about the origin of
this overestimation it should be kept in mind that in particular the cross section minimum
is very sensitive to the finer details of the nuclear force model. Hence, it could well be that
in calculations using higher-rank, and thus better, approximations of the Paris (or a more
modern) potential, the remaining difference even disappears.
IV. SUMMARY
In this work we have presented the results of our calculation of differential cross sec-
tions and polarisation observables for proton-deuteron elastic scattering in the energy range
from 2.5 to 22.7 MeV, with due allowance of the Coulomb repulsion between the protons.
The mathematical framework for rigorously taking into account the long-ranged Coulomb
interaction in momentum space integral equations is provided both by the screening and
renormalization approach [14] and by the investigation of the analyticity properties of the
kernels of the pertinent equations [17,18]. The former even provides for a practical solution
scheme which has been adopted in the present work.
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As input for the nuclear interaction we employed the PEST1 version of the Paris poten-
tial which is well known to represent an excellent (separable) approximation to the original
potential. The calculated differential cross sections led to a very satisfactory reproduction
of the experimental data. This fact also gives rise to a decisive reduction in absolute magni-
tude and in its energy dependence, of the so-called ‘Sagara discrepancy’, originally described
in Ref. [31]. It even suggests that the latter might cease to exist when more sophisticated
nuclear potential models will be used, provided due account is made of the Coulomb inter-
action. For the various vector and tensor polarisation observables the agreement is not as
good, as was to be expected from the fact that a similar lack of agreement is known to occur
in neutron-deuteron scattering.
In order to shed some light on the origin of the remaining discrepancies, calculations
with improved nuclear input are called for. Such are under way.
APPENDIX:
In the Appendix we present the explicit expressions for the various contributions to
the angular momentum projected effective potential. The following notations are used:
[l] =
√
2l + 1, [l2] = 2l + 1, λαβ = mα/(mα +mβ) = 1− λβα, α 6= β. Moreover, ǫαβ = −ǫβα
is the antisymmetric symbol with ǫαβ = +1 if (α, β) is a cyclic ordering of the indices (1,2,3).
Unit vectors are denoted by a hat, kˆ = k/k.
A
(0,1,2)
L (qα, q
′
β) = ǫ
Sα−sβ−sγ
αβ ǫ
Sβ−sα−sγ
βγ (−1)2sγ+sβ+Sβ+J+Lα+L
× [lαLαSαΣαJαlβLβSβΣβJβJ
2L2]
4π
×
∑
ΛαΛβ
[Λα(Lα − Λα)Λβ(Lβ − Λβ)]qΛα+Λβα q′(Lα+Lβ)−(Λα+Λβ)β λΛαβγ λLβ−Λβαγ
×
√
(2Lα + 1)!(2Lβ + 1)!
(2Λα + 1)!(2(Lα − Λα) + 1)!(2Λβ + 1)!(2(Lβ − Λβ) + 1)!
×
∑
M1M2f
(−1)f [M21M22 f 2]
×
(
Lα − Λα Lβ − Λβ M2
0 0 0
)(
Λα Λβ M1
0 0 0
)(
M1 lα L
0 0 0
)(
M2 lβ L
0 0 0
)
×
{
M2 M1 f
lα lβ L
}{
Σβ f Σα
lα J lβ
}

Lα Lα − Λα Λα
Lβ Lβ − Λβ Λβ
f M2 M1




Σα sα Sβ Lβ
Jα sγ Jβ f
Lα Sα sβ Σβ
∣∣∣∣∣∣ 1

 ,
R(0,1,2)Lmαµα,nβνβ(qα, q
′
β; z) = δ¯αβ
1
2
∫ +1
−1
dxPL(x)
×
k−Lαα k
′−Lβ
β g
JαSα
Lαµ
(kα)g
JβSβ
Lβν
(k′β)
z − q2α/2Mα − k2α/2µα
, (A1)
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with kα = ǫαβ(λβγqα + q
′
β), k
′
β = ǫβγ(λαγq
′
β + qα), x = qˆα · qˆ′β.
A
(3)
L1L2f
(qα, q
′
β) = δαβδSαSβǫ
Lα+Lβ
γα (−1)J−sα+Sα+lα+lβ+L2+f [lαΣαJαlβΣβJβfL
2
1L22]
4π
×
√
(2Lβ)!
(2(Lβ − f))!
{
lα Σα J
Σβ lβ f
}{
Σα Jα sα
Jβ Σβ f
}{
Jβ Jα f
Lα Lβ Sα
}
×
∑
w
(−qα)f−wq′wβ λfγβ√
(2(f − w))!(2w)!
×
(
w lβ L2
0 0 0
)(
Lα L1 Lβ − f
0 0 0
){
f − w lα L2
lβ w f
}(
lα f − w L2
0 0 0
)
×
∑
MLαMLβ
C
LβMLβ
fMLβ−MLαLαMLα
C
LβMLβ
Lβ−fMLαfMLβ−MLα
C
LαMLα
Lβ−fMLαL10
, (A2)
R(3)L1L2fmαµα,nβνβ(qα, q
′
β; z) = δαβ δ¯α3
1
8π2
∫ +1
−1
dx2PL2(x2)V
(R)
γ (∆
′
α)F
JαSαJβSβ
LαµLβνf
(qα,q
′
β; z) (A3)
with
F
JαSαJβSβ
LαµLβνf
(qα,q
′
β; z) =
∫ ∞
0
dk k2+Lβ−f gJαSαLαµ (k)
z − q2α/2Mα − k2/2µα
∫ +1
−1
dx1PL1(x1)g
JβSβ
Lβν
(|∆α + k|)|∆α + k|−Lβ
z − q′2β /2Mβ − (∆α + k)2/2µβ
. (A4)
Here, ∆′α = qα − q′β, ∆α = −λγβ∆′α, x2 = qˆα · qˆ′β, x1 = qˆ · ∆ˆα.
In order to increase the numerical accuracy it is advantageous to extract, in the deuteron
channel, from expression (A3) the pure screened center-of-mass Coulomb potential. For this
purpose we only have to take into account that for n = m and qα = q
′
β, i.e., ∆α =∆
′
α = 0,
the only non-vanishing element of expression (A2) is A
(3)
L1L20
(qα, q
′
β) = δL10δL2lα/4π. Hence,
in the deuteron channel we introduce for qα = q
′
β the short-hand notation
F
JαSαJβSβ
LαµLβν0
(qα,qα; z) = 16π
3F¯JαSαLαµν(qα; z), (A5)
with
F¯JαSαLαµν(qα; z) =


1
(2pi)3
∞∫
0
k2dk gJαSα
Lαµ
(k) gJαSα
Lαν
(k)
(z−q2α/2Mα−k
2/2µα)2
deuteron channel,
0 elsewhere.
(A6)
The requirement that the deuteron wave function be normalized to unity implies∑
Lαµν
F¯JαSαLαµν(qα;Eα) = 1. Consequently, expression (A3) for R
(3) can be rewritten
as
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R(3)L1L2fmαµα,nβνβ(qα, q
′
β; z) = δαβ δ¯α3
[
4πF¯JαSαLαµν(qα; z)V
(R)
γL2
(∆′α)
+
1
8π2
∫ +1
−1
dx2PL2(x2)V
(R)
γ (∆
′
α)
(
F
JαSαJβSβ
LαµLβνf
(qα,q
′
β; z)− 16π3F¯JαSαLαµν(qα; z)
)]
. (A7)
Here, V
(R)
γL2
is the partial-wave projection of the screened Coulomb potential. Thus, Eq. (A7)
is in a numerically convenient form: the screened center-of-mass Coulomb potential which in
the limit R→∞ gives rise to the troublesome ‘Coulomb singularity’ is explicitly extracted
in the simple first term, while in the second term which in general has to be computed
numerically the latter does not longer occur. As an additional bonus the decomposition
(A7) provides us with the possibility to use the same set of coupled equations (35) to find
screened center-of-mass pure Coulomb scattering amplitude. One simply has to switch off
all nuclear interactions, keep as effective potential only the first term of (A7), and replace
the effective free Green function ∆ˆ
(R)JγSγ
LγνL′γν
′(E+−q′′2γ /2Mγ) by the free ‘proton-point deuteron
propagator’ 1/(E+ −Bd − q′′2γ /2Mγ), where Bd is the deuteron binding energy.
Finally,
A
(4)
L1L2f
(qα, q
′
β) = ǫ
Lα+Sα−sβ−sγ
γα ǫ
Lβ+Sβ−sα−sγ
βγ (−1)J+Sβ+sβ+2sγ+lα+Lβ+lβ+L2+f
× [lαΣαJαSαlβΣβJβSβL
2
1fL22]
4π
√
(2Lβ)!
(2(Lβ − f))!
×


Σα sα Sβ Lβ
Jα sγ Jβ f
Lα Sα sβ Σβ
∣∣∣∣∣∣ 1


{
Σβ f Σα
lα J lβ
}
×
∑
w
(−qα)f−wq′wβ λf−wγβ λwγα√
(2(f − w))!(2w)!
×
(
w lβ L2
0 0 0
)(
Lα L1 Lβ − f
0 0 0
){
f − w lα L2
lβ w f
}(
lα f − w L2
0 0 0
)
×
∑
MLαMLβ
C
LβMLβ
fMLβ−MLαLαMLα
C
LβMLβ
Lβ−fMLαfMLβ−MLα
C
LαMLα
Lβ−fMLαL10
(A8)
R(4)L1L2fmαµα,nβνβ(qα, q
′
β; z) = δ¯αβδγ3
1
8π2
∫ +1
−1
dx2PL2(x2)
∫ ∞
0
dkα k
2+Lβ−f
α g
JαSα
Lαµ
(kα)
z − q2α/2Mα − k2α/2µα
×
∫ +1
−1
dx1PL1(x1)v
(R)(k′α, kα, x1, kˆ
′
α · qˆ)gJβSβLβν (|kα + q|)|kα + q|−Lβ
z − q′2β /2Mβ − (kα + q)2/2µβ
, (A9)
where q = (−λγβqα + λγαq′β), k′α = (q′β + λβγqα), x2 = qˆα · qˆ′β, x1 = kˆα · qˆ and
v(R)(k′, k, x, y) = 1/
√
(k′2 + k2 + 2k′kxy + 1/R2)2 − 4k′2k2(1− x2)(1− y2).
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FIG. 1. Graphical representation of the effective potential (26). The first diagram represents
the three terms V(R)(0,1,2)mαµα,nβνβ , depending on whether both form factors are purely nuclear (open
semicircles) or either one of them is Coulomb-modified.
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FIG. 2. Proton-deuteron (solid lines) differential cross section for several projectile energies.
Experimental data are from Refs. [31] and [32]. For comparison also the results for neutron-deuteron
scattering (dashed lines) are given.
18
FIG. 3. Nucleon vector analyzing power Ay. Notation as in Fig. 2.
19
FIG. 4. Deuteron vector analyzing power iT11. Notation as in Fig. 2.
20
FIG. 5. Deuteron tensor analyzing power T20. Notation as in Fig. 2.
21
FIG. 6. Deuteron tensor analyzing power T21. Notation as in Fig. 2.
FIG. 7. Deuteron tensor analyzing power T22. Notation as in Fig. 2. Data from Ref. [32].
23
FIG. 8. ‘Sagara discrepancy’ as function of the proton laboratory energy. Open squares: Ref.
[31], black squares: present calculation.
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